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Subharmonie and Superharmonic Resonances in the

Pitch and Roll Modes of Ship Motions

Dean T. Mook,* Larry R. Marshall,¥ and Ali H. Nayfeht
Virginia Polvtechnic Institute and State University, Blacksburg, Va.

We considered the motion of a ship with two degrees of freedom—pitch and roll—when second-
order, static couplings are included in the equations of motion, and we obtained a nonlinear analysis of
the response of the ship to a harmonic excitation (i.e., a regular sea) using the method of multiple scales.
In the first part of the paper, we considered the pitch frequency to be twice the roll frequency and found
that a superharmonic response exists for any value of the amplitude of the excitation, but a subharmonic
response is possible only if the amplitude of the excitation is above a critical value. In the second part of
the paper, we considered ships without the two-to-one frequency ratio. We found that there are five reso-
nant situations and, depending on the value of the parameters, three can involve large motions. Some of
the present results were combined with some results from a previous paper to determine the variation of
the amplitude of the response with the encounter frequency. Also, the accuracy of some of the present re-
sults was established by comparing them with a numerical solution.

Introduction

IN an earlier paper?! the authors considered the response ‘of
a ship which is free to roll and pitch only. Second-order
static couplings between the two modes were included,
and the frequency of small, free oscillations in pitch was
taken to be twice the frequency of small, free oscillations
in roll. The pitch and the roll response was determined for
the two cases in which the excitation (encounter) frequen-
cy is either near the pitch frequency or near the roll fre-
quency. There are other situations of special interest
which result in either a superharmonic or a subharmonic
response. In the first part of this paper, we determine the
response in these two situations.

In the second part, we determine the response when
there is no two-to-one frequency ratio. In this case, there
are situations of special interest which contain superhar-
monic and subharmonic as well as combination responses.

The present results are then combined with those of the
previous paper to give a complete picture of the various
possible responses. When the complete picture is studied,
the significance of the two-to-one frequency ratio can be
seen clearly. o

As in the first paper, we compare some of the results ob-
tained by the asymptotic analysis with results obtained
numerically.

Pitch and Roll Motions for Ships with the Pitch
Frequency Twice the Roll Frequency.

Letting # and ¢ denote the pitch and roll orientations,
respectively, we write the equations of motion for a ship
restrained to pitch and roll in a regular sea as follows:

1,6 =M+ M, cos(Q + Ty) (1a)

and .
L6 =K + K, cos(Q + 7,) (1b)

where I;x and I, are the moments of inertia of the ship,
M and K are the pitch and roll moments due to the ship’s
oscillations in calm water, M,, and K,, are the amplitudes
of the pitch and roll wave excitation moments, Q is the
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wave encounter frequency, and 71 and 79 are phase angles.
Also, we write

M=Mgb + M8+ M8 + | ,3M, o> (ic)
and

K=K, + Ky +Kyp + K,e06 (1d)

where p and g are the roll and pitch rates. The coeffi-
cients appearing in Egs. (1c) and (1d) as well as the pitch
and roll wave excitation moments are frequency and speed
dependent. Substituting for M and K in Egs. (la) and
(1b) yields

b+ w0 = ko? — [0 + Fyeos(Qt + 1) (le)
and
b + wylp = kyd6 — dyd + F, cos(Q + 7,)  (1f)
where
(WP ky, A1, Fe) = Ty = M) =Mp, {19 My o —M,M,, ]
and
(w52, kg, g, Fy) = sy —K3) =K 4, Ko5,—KpnK,).
It was shown in the first paper! that k; and ke must
have the same sign so that constant-amplitude, periodic
oscillations cannot exist when there is damping and no

wave excitation. Thus, it is convenient to eliminate ki
and ks from Egs. (1e) and (1f) by letting

5: k29 and 5 = (k1k2¢)1 /2 (2)
Letting
fi = k2F1 and fz = (k1k2)1 /2F2 (3)

and dropping the bars on # and ¢, we can rewrite Egs.
(1e) and (1f) as follows

g+ w129 = ¢2 - /tl-10 +f1 COS(Qt + T1) (43.)
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and

b+ wlp= 6~ flyp+ fo cos(QU + T) (4b)

To determine approximate solutions for ¢ and ¢ valid
for small but finite amplitudes, we use the method of
multiple scales.? Accordingly, different time scales are in-
troduced by letting

T,=€";n=201,... (5)

where ¢ is a measure of the response amplitudes. The time
derivatives are transformed according to

d/dt =Dy + €Dy + ... (6a)

and
d¥/dt* = Dy + 2eDyDy + ... (6b)
where D, = 9/0T,. Moreover, 6 and ¢ are assumed to

have expansions of the form

8 ~ €0, (Tg,Ty) + €205 (T, T)) + ... (Ta)
and
b ~ €Ty, Ty + (T, T1) + ... (7o)

The nearness of 2wz to w;y is expressed by introducing
the detuning parameter o1 so that

2wy = Wy + €0y (8)

Also, the linear damping coefficients and the amplitudes
of the excitation components are considered to be of the
order of the response amplitudes; that is

1= €y, flg = €y, f1 = €fy, fo = €fy (9)

Substituting Egs. (5-9) into Egs. (4) and equating coef-
ficients of equal powers of ¢, we obtain

Order €

1
D26y + w0, = /1 expli(QT, + 7))+ cc (10a)
1 .
Doy + wyldy = >/ expli(QT, + 7)) + cc  (10b)
Order €?
D0202 + w1292 = _2D0D191 - }.LID091 + ¢12 (lla)

Do’y + wilpy = ~2DyDydy — yDydy + 6194 (11b)

where cc stands for the complex conjugate.
The solution of the first-order problem can be expressed
as

61 = A(Ty) exp(iwTy) + Py expliQT;) + cc (12a)

1 = Ay(Ty) expliw,T) + Py expiQT,) + cc (12b)

where

P = 3fn exBlT,)0," — ) (13)

RESONANCES IN THE PITCH AND ROLL MODES OF SHIP MOTIONS 33

Substituting for #; and ¢1 from Egs. (12), in Egs. (11)

yields

Dy*6y + w176y = —iw (24" + [14A}) exp(iw;T,)
—i QP exp(QRT,) + A% expliw Ty + 04Ty)]
+ Pg? expli2QT,) + 24,P, expli(© + wy)T,]

+ 24,P, expli(Q —wy)Ty] + Ay Ay + PP, + cc (14a)
and

Dyl + wplpy = —iwy(24," + pyA,) expliw,Ty)
—i [1520Py exp(iQTy) + A, explilw; + wy) Ty )
+ A4, expli(w,Ty — 04Ty) ] + APy expli(Q + wy)T,]
+ APy expli(Q — w,)Ty) + APy expli(Q — wy)Ty)
+ AP, expli(Q + wi)Ty]+ PPy exp(i2Q7T,)

+P1§2 + cc (14b)

where the prime indicates differentiation with respect to
T;.

The right-hand sides of Eqs. (14) contain terms propor-
tional to exp(iw,To). The corresponding particular solu-
tions contain secular terms of the form T¢ exp(iw,To)
which make f2/f; and ¢2/¢1 unbounded as To — « and
thereby make the expansions given in Egs. (7) invalid as ¢
— =, To obtain uniformly valid expansions, we need to
eliminate all the terms on the right-hand sides which pro-
duce secular terms in the particular solutions.

Inspection of the right-hand sides of Eqgs. (14) indicates
that secular terms result from the nonlinear coupling
terms when Q is near w;/4 (superharmonic resonance)
and when @ is near 3w;/2 (subharmonic resonance). These
are the only two possibilities because it is required that @
not be near w; or we. (These latter cases were considered
in the first paper.)

A. Superharmonic Resonance

The nearness of @ to wy/4 is expressed by introducing a
second detuning parameter o5 such that

1
Q= Zwi + €0y (15)

Elimination of the terms on the right-hand sides of Egs.
(14) which produce secular terms in the expansions gives
the following solvability conditions

—iw1(2A1" + 134,) + Ay? exp(ioT;) = 0 (16a)
and

—iwy(24," + UyAy) + A4, exp(—io,Ty)
+lf1f ex {z 20, — S0, )7 2
3 /12 exp 2 0T+ T+ Ty e(wy® —

Q) w2 — @)1 =0 (16b)
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Fig. 1 Steady state superharmonic pitch and roll responses
for one cycle of the wave encounter frequency.

We let

A, = %an exp(iB,) (1)

with a, and 8, real, and define

Y= 2,82 _B1 + (71T1 (18)

and

1
Y9 = (20’2 - §G1>T1 - BZ + T+ Ty (19)

Substituting Eqs. (17-19) into Egs. (16) and then separat-
ing the real and imaginary parts, we have

1 1
r A2 -1 .
Ay =7 5 Ml + paywy T Sy (20a)
2
’ ay’ _M
adyyy = 01a,a; + dw, 2w, a, COSyy

fif2aq cosy,

- 20b
2wy (w 2= 9wyt - 73] (200)
, " aa
@' == ey~ Y, sty
Jfify siny,
+ 1o, — D) (g — ) (20c)
and
o aa
ayyy’ :(202 - —éi—>a2 + —4120—2 cosy,
+ fifZ COSYyy (ZOd)

dw,(w,? — Q%) (w,® — Q%)

For the steady-state response (a1’ = az’ = v1’ = 2’ = 0),
Egs. (20) can be manipulated to yield

. 1
ad + 4w2[u2 siny; + 2(202 - —2-01> cosy1:|6112

+ 4(4)22[IJ22 + 4(20’2 - %oi)z}ai -

AMfifo(wi? = @) Hw,? —0H P =0 (21a)
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ay = (ay/M)V?, siny, = 2pwiA, cosyy = —160,0 (A
(21b)
siny, = (¥ ~ @) (W, ~ QA(f1f)) " (@wy i, + a4 sinyy)ay,
(21c)
and
cosyy = —(wy? = Q) (wy? — Qz)(ffz)-1[4wz(202 - ';‘01)“‘

ay cosyi:laz (214)
where

A= [dw¥(ud? + 840,7) ]2 (21e)

Letting 41 = ea; and G2 = eas, we can write the first-
order, steady-state, uniformly valid solutions for § and ¢
as follows

0= fi(w? -0 coslft + 7y)

+ @y cos[48 ~ 2yy —yy + 2(7; + T)] + 0(e?) (22a)
and

b = folws? ~ QO cos(Q + 75)

+ @y cOS[2Q6 —yy + Ty + To] + 0(?)  (22b)

Equations (22) show that the effect of the superharmon-
ic resonance is an entrainment of the otherwise-vanishing,

w=1.0
e STABLE
—— -« UNSTABLE

&,
Fig. 2a The superharmonic amplitude @1 as a function of the
detuning &3 for various values of the detuning 4;.

a »
2 f=f,=001
+ i=p,=0005 N
010 + Ri=fe 5,-0.03
w=1.0
—— STABLE \.

——— UNSTABLE

J
-0.02 -0.01 0 0.0l 0.02

Fig. 2b The superharmonic amplitude @, as a function of the
detuning &3 for various values of the detuning 4.
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homogeneous solution by the particular solution. The two
combine to give pitch and roll responses that are sums of
the two harmonics involved.

B. Subharmonic Resonance

The second detuning given by Eq. (15) is now redefined
so that the nearness of  to 3w1/2 is expressed as

Q= —32“(,01 + €0y (233)

Instead of Eq. (19), 2 is now defined as

1
Y9 :<02 - EO’1>T1 -+ 72 - Bi - /32 (23b)

Continuing to use the quantities ‘defined in Egs. (17) and
(18) and following the same procedure detailed previously,
we obtain

2

) 1 ay’ . Saay :

= — a sin + Sin
a1 5 4t 4w, 71 2w (w, — QY ~H2 (24a)

2 2
az a >

adey = o440y + | 72— ~ = )a, cos
18971 10169 <4w1 2w, 2 Y1

+ <q_2_2_ _ a1_2) f2 COSvyy (24b)

2wy 2w,/ (wyr —QY)
P _ B 48 Soay siny,
ay’ = 5 2 4w, sinyq + m (24c¢)

and
2 a2

asayy;’ =0y “ﬁ>a1az + (‘*al + ‘*)flz cosyy
2 4wy, 4w,

2 2
a’ @ ) fy COSyy
- <4w2 + 2w,/ (w,f — Q%) (24d)

For the steady-state response, two possibilities exist
Naj=a,=0 (25)

5, 8 30
2) ay = Z@?f_zjﬁzj? *4401‘02[#1#2 g% (Uz - —2l>

LD { %
(w22~ 2 4(@1)22—92)2

3o
4wy, [MM - 802(02 - ’2-1>:|
64 92 .2 9 30’1 2
Tg@rWy | M\Ge T )

30.1 1/2
4uytoy” + 4#1#2%(02 - —2‘->:|} (26a)

2 1 12f,%a,?
ay _{3a2 + @, — Y

8 3o
- 16‘01“’2‘122[%“2 - 502(02 - 2_1)]}

X [4(uy? + 160,511 (26b)

siny = L) (u1a12 - “2a22> (26c)
17 Bagay’ \ 2w, wy
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COSYy = 8wyw, (OZ_‘IIE _( _ ‘{ﬂ) Ci) (26d)
"= 3q,a,0\ w, 279 ) W
. w ((J) 2 Q2 a 2 .
“siny, = —I—f:az—)<uia1 - 2%01 s1ny1> (26e)
and

2w {w,? — %) ( 2 Ly’

= - o o +
CoSYys oty 3 0201 dw, cosh). (26f)

Letting 43 = ea; and Gz = eas, we can write the first-
order uniformly valid solutions for # and ¢ as follows

6= filw? - )7 cos(Q + )

. 2 1 2 2
+ ay cos<§Ql ~3Y1 T3 + 5@) + 0(e?) (27a)

and

b = fr(w,? — Q) cos(Qt + 7,)

“ 1 1 1 1
+ ay cos (391 T3V T3 + —3-72) + 0(e?)  (27b)

Egs. (26a) and (26b) indicate that, depending on the
values of the parameters involved, the roll excitation am-
plitude f» will have to increase above a certain critical
value before the homogeneous solution is entrained by the
particular solution. This is found to be the case in the nu-
merical example presented later.

C. Numerical Example

To illustrate the results for a specific ship or model, a
consistent set of coefficients for Egs. (1e) and (1f) is re-
quired. Because the authors did not possess this informa-
tion, values for the coefficients were chosen arbitrarily
and the responses calculated. Nevertheless, the results are
useful in that the basic character of the solution is illus-
trated. Also, to verify the validity of the perturbation ex-
pansions developed herein, we integrated Egs. (le) and
(1f) numerically using Hamming’s Predictor-Corrector
Method.

The pitch and roll responses for both the superharmo-
nic- and subharmonic-resonant cases are sums of two har-
monics [see Egs. (22) and (27)]. A typical example of the
steady-state superharmonic pitch and roll responses for
one cycle of the wave encounter frequency is presented in
Fig. 1. :

In Figs. 2a and 2b, &; and @» for the superharmonic case
are plotted as functions of &2 for various values of ¢; with
f1 = f2 = 0.01 and g1 = fi» = 0.005. An interesting feature
is the so-called “jump” phenomenon. Figure 3 presents a;
as a function of &2 for various values of the damping coef-
ficients, @iy and fs, with f1 = fo = 0.01 and 6; = 0.0 for
the superharmonic case. The extreme sensitivity of &; (the
situation is analogous for G2) to the amount of damping
should be noted.

In the subharmonic case, Fig. 4 depicts &; and az as
functions of f; for 62" = 0.05. For the values of the parame-
ters considered, fo must increase beyond a critical value
before the homogeneous solution adds to the response.
Note that all solutions are unstable if fo is greater than
approximately 0.26. Figure 5 illustrates the severe sensi-
tivity of ae (the situation is analogous for &;) to the
amount of damping.
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Fig. 3 The superharmonic amplitude d; as a function of the
detuning 2 for various values of the damping coefficient.

Figures 6-8 present the maximum double amplitude of
the pitch and the roll responses as functions of the wave
encounter frequency for various values of f; and fe with 4,
= 0.1, gz = 0.01, w3 = 1.0, and w2 = 0.5. The responses
when Q is near wy or we were computed according to the
solutions given in the previous paper.!

In Fig. 6, the roll excitation amplitude f2 is larger than
the pitch excitation amplitude fi; f1 = (.001 and f2 =
0.01. This could possibly correspond to a beam-seas situa-
tion. The pitch and roll responses are largest when Q is
-near wg. For this situation, the effect of the two-to-one fre-
quency ratio (w3 = 2wg) is to transfer energy from the roll
mode to the pitch mode.

InFig. 7, f1 = f2 = 0.01 and this might be illustrative of
a quartering seas situation. Large responses for both pitch
and roll are predicted when Q is near wi and ws. Notice
that the superharmonic resonance (i.e., when Q@ = 0.25)
produces responses that are approximately fifty % sgreater
‘than the linear-responses. The effect of the two-to-one fre-
quency ratio here is to transfer energy from the roll mode to
the pitch mode when @ =~ ws and to transfer energy from the
pitch mode to the roll mode when ) =~

In Fig. 8, f1 is larger than fz (fy = 0 02 and f2 = 0.001)
and this could model a head or following seas situation.
The pitch response is largest when @ =~ wi, which is ex-
pected. However, the roll response is also the largest when
Q1 =~ wj, which is contrary to what is expected from linear
theory. This is a consequence of the “‘saturation” phenom-
enon noted in Ref. 1.
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03 & =00 S Gy
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Fig. 4 The subharmonic amplitudes, é&; and d2, as functions
of the roll excitation amplitude for 2 = 0.05.
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Fig. 5 The subharmonic amplitude @» as a function of the de-
tuning o2 for two values of the damping coefficients.

For the forcing amplitudes considered in Figs. 6-8, the
superharmonic resonance adds only slightly to the linear
response while the subharmonic resonance is not mani-
fested at all. This is because the roll excitation ampli-
tudes chosen are below the critical value required to pro-
duce subharmonic responses. Had the value of f» been
above the critical value, the response near the roll natural
frequency (wz) would have become extremely large but the
subharmonic response still relatively small. It is noted,
however, that the subharmonic resonance can produce
large amplitude motions when f, is greater than its criti-
cal value. In fact, for f2 sufficiently large, the motions be-
come unstable as shown in Fig. 4.

The significance of the two-to-one frequency ratio can
be illustrated by comparing these responses with those for
a ship without the frequency ratio. The responses for such
a ship are obtained in the next section and then, with the
aid of a numerical example, a comparison is made.

The stability of the steady-state solutions were deter-
mined as in Ref. 1

Pitch and Roll Motions for Ships with the Pitch
Frequency not near Twice the Roll Frequency

With w; not near 2wz and Q near either wy or ws, there is
no coupling between the pitch and roll modes to first-
order and the responses are given by the linear solutions.
To ascertain the resonant situations that can occur when
w1 Is not near 2ws and  is not near either w; or wy, we
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Fig. 6 Maximum pitch and roll double amphtudes as func-

tions of the wave encounter frequency with fl = 0.001 and fz =
0.01 for ships with the two-to-one frequency ratio.
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rewrite Eqgs. (14) as

D0, + wt6y = —iw; (24" + 1,A),) expliwT;)
— QP exp(iQT,) + A,? expli2w,T;)
+ P,? expli2QT,) + 24,P, expli(Q + w,)T]
+ 24,P, expli(Q — w,) Tyl + AyA, + PP, + cc (28a)

and
Dlgy + wylty = —iwy (24, + ad,) expliw,Ty)
—~ i 2Py exp(QT)) + AtA; explilwy + wy)Ty]
+ AA, expli(wy — wy)Ty] + APy expli(Q + w,y)Ty]
+ A,Py expli(Q — wy)Ty] + APy expli(Q — w)T,]
+ APy expli(Q + wi)T,]
+ PP, exp(i2QT,) + PP, + cc (28D)
There are five possibilities when we restrict wy to be
greater than wa: @ = w1/2, @ =~ w2/2, @ ~ 2wy, @ = wy +

wo, and © = w; — ws. These cases are treated separately
below.

A. The Case of Q Near w;/2

Let the nearness of Q to w1 /2 be expressed as
Q= (1/2)wy + €0 (29)

where ¢ is the detuning. The solvability conditions are
Ciwr @A)+ Ay + ShR(w,?
wy(2A1" + Ay + Zh (@,

- %2 exp[i(20T; + 27,)] = 0 (30a)

and
—iwy (24, + Hady) = 0 (30b)

Egs. (30) can be solved separately since they are uncou-
pled. The solution of Eq. (30b) can be written as

1 ,
A, = a; exp(— —2-p.2T1) exp(iB,) + cc (31)

where ap and B¢ are constants determined from initial con-
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Fig. 7 Maximum ptich and roll double amplitudes as fune-

A
tions of the wave encounter frequency with f; = fAz = (.01 for
ships with the two-to-one frequency ratio.
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Fig. 8 Maximum pitch and roll double amplitudes as func-

tions of the wave encounter frequency with f = 0.02 and ;‘2 =
0.001 for ships with the two-to-one frequency ratio.

ditions. As 77 — «, Ay is damped out and the steady-
state solution for the roll mode is

¢ = frlw? — Q)™ cos(Qf + 1) + 0(e2).  (32)

To analyze Eq. (30a), we let
Ay = a expli2(cT + 7)) (33)

where a is complex and obtain
—z'2w1a’ + 40)10'0 —z'wiuia + P22 =0 (34)

Putting ¢ = a, + ig; with real @, and a; into Eq. (34) and
separating the real and imaginary parts, we obtain

2a, + pya, —4oa; =0 (35a)
and

2a, + pa; + doa, + frfdw;) w2 — Q)2 =0 (35b)
The homogeneous solution of Egs. (35) is given hy
(a,),= b, expmT,) + cc and (a,), = b, expnT,) + cc
(36a)

where by and b are related arbitrary constants and

= _%“1 + 20 (36b)
The particular solution of Eqs. (35) is
(a,), = —ofyflwi(e® + 160%) ] Hwy? — Q52 (37a)
and
(@), = —pify*[dw(uy? + 160%)] Hw,2 - )2 (3Th)

Since the real part of m is negative, the homogeneous so-
lution of Egs. (35) is damped out as T4 —'» and the
steady-state response is given by thé particular solution.
The steady-state solution for the pitch mode can now be
written as

0 = filw? - @)™ cos(Q + 7,
+ /22 2w;) Hwy? ~ 922 (12 +

166%)1/2 cos(291 + 27, + 8) + 0(e?) (38a)
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Fig. 9 Maximum pitch and roll double amplitudes as func-

A A
tions of the wave encounter frequency with f; = 0.001 and f> =
0.01 for ships not possessing the two-to-one frequency ratio.

where

»l>-|t>
Qo=

5 = tan'i( > (38b)

B. The Case of ¢ Near wz/2

The nearness of 2 to wa2/2 is expressed as

Q = %w2 + €0 (39)

Following the same procedure outlined in the previous
case, we find that the steady-state pitch and roll re-
sponses are:

8= filw? -0 'eos( + 7)) + 0()  (40a)
and .

¢ = folwy? — Q1) cos(Qu + 7,)
+ ]?1]?2(2‘”2)-1(‘-‘)12 - QZ)_1(<-L’22 - Q2>_1(ﬁ22
+ 160%)7 /2 cos (2 + Ty + T, + 8) + 0{c?) (40b)

where

5 = tan™ (:7}2) (40c¢)

C. The Case of @ Near 2ws

The nearness of Q to 2ws is expressed as
Q = 2w, + €0 (41)

and hence the solvability condition from the roll equation,
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Fig. 10 Maximum pitch and roll double amplitudes as func-

tions of the wave encounter frequency with f; = fA'z = 0.01 for
ships not possessing the two-to-one frequency ratio.
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Fig. 11 Maximum pitch and roll double amplitudes as func-

A A
tions of the wave encounter frequency with f; = 0.02 and f2 =
0.001 for ships not possessing the two-to-one frequency ratio.

Eq. (28b), becomes
. , 1-
—sz(zAz + ,LL2A2) + EAZfl(wiz

e QZ)—I eXp[i(aTl -+ Ti)] =0 (42)

We let

m=aenigrie )] @

where a is complex and obtain
—2ia’ + oa —ip.a + %fﬁ[wz(wf —-o)]7T=0 (44)

Putting @ = a, + ig; with real a, and a; into Eq. (46) and
separating the real and imaginary parts, we obtain
1 -
2a,” + Waa, —oa; + —2-f1ai[w2(w12 -9t =0 (45a)
and

2a, + Wpa; + oa, + %fia,[wz(wf Q37 = 0 (45b)
The solution of Egs. (45) can be written as

a,=byexpmTy) + cc and a; = by exp(mTy) + cc (46a)

where by and bs are related arbitrary constants and

oy 1 \: 12 ~ 2] 1/2
mETR Rl oey 0] 60

Equation (46b) indicates that the real part of one
value of m is always negative and hence the steady-state
rolling motions resulting from the first term of Eq. (13b)
are damped out. The second value of m is positive if

f1 > 2wy w0 — Q2 (0% + py?)t’? (47)

If m is positive, unstable motions result in the sense that
the amplitude of roll is no longer small and the present
analysis becomes invalid while attempting to predict
these amplitudes.

For stable motions, i.e., the real parts of both values of
m are negative, the steady-state pitch and roll responses
can be written as

0= fi(w? - )t cos(u + 74) + 0(e2)  (48a)
and

¢ = fo(wy? — N cos(Qf + 7y) + 0(e2) (48D
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A A
tions of the wave encounter frequency with f1 = 0.05 and f> =
0.001 for ships not possessing the two-to-one frequency ratio.

D. The Case of © near (w1 + w2)

The nearness of @ to (wy + w2) is expressed as
Q=wy+ wy + €0 (49)

The solvability conditions are

—iw (24" + A + Ay expliloTy
+ 7)) Jw,? =91 =0 (50a)
and
: ’ 1+ 2
'—sz(zAz + llez) + EAifz(wz

-9 expli(oT; + 7)] =0 (50b)
We let

Ay =ay exp[i(%oTl + 72)] and A, = ay exp(—zl—ioT1>
(51)

where a; and as are complex and obtain

~2iay’ + oa; — iy + fraawi(w,? — Q)] T =0 (52a)
and

~2iay’ + 0Gy —illy@y + fo@1[2wa(wy? — Q1] 1= 0 (52b)

Putting a1 = a3, + iay;-and ag = ag, + iag; with real ay,,

a1;, @2r, and ag;, and separating the real and imaginary
parts, we have

2a1," + 148y, = 0ay; + fragfwi(w,? — QAT =0  (53a)
2ay;’ + pyay; + 0ay, + fraglwiw,? - @)1 =0 (53b)

2027, T Moy, — oag; + fza“[sz(wzz - QZ)]-_l =0 (530)

and
2ay;" + Wgly; + 0ay, + fra1,[20y(wy2 — Q)] = 0 (53d)

The solution of Egs. (53) is of the form

a4, = byexpmTy) + cc and ay; = by expmTy) + cc
(54a)
ay, = by expmTy) + cc and ay; = b, expmTy) + cc

(54b)
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Fig. 13 Maximum pitch and roll amplitudes as functions of
the pitch excitation amplitude.

where by, bs, bz, and by are related arbitrary constants
and m is given by

_ M} {[uwuz]ﬂ
m= [ 2 * )

1 ) S ] io 3 1/2
4 l:llﬂlz O T oy — D ] 2 (b “2)}
(55)

All the real parts of the four values of m determined from
Eq. (55) must be negative for the motions to be stable and
hence for the first terms of Egs. (12) to be damped out. If
not, the motions are unstable and can become large. For
stable motions, the steady-state pitch and roll responses
are given by Egs. (48).

E. The Case of Q near (w1 — ws)

The nearness of Q to (w1 — w2) is expressed as
Q:wi-w2+€0 (56)

Following the same procedure as in Case D leads to the
following relation for determining the stability of the mo-
tion

([t {[M]z_
m_[ : ]i :

1 2 1 :l io }“2
4 [Muz +o° + zwin(wzz — 92)2 + 1 (i1 ~ ug)
(57)

When ¢ = 0, the real part of m is always negative and
hence the motions are stable. As ¢ or f2 become large, the
real part of m is also negative. For stable motions, the
steady-state pitch and roll response is given by Eqgs. (48).

F. Numerical Example

We chose w3 = 1.7, we = 0.5, and the values of i1 and
fiz to agree with those in the previous numerical example.
The values of f and f in Figs. 9-11 agree with those in
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Figs. 6-8, respectively. Hence, comparisons of the corre-
sponding pairs of figures illustrate the effects of the inter-
nal resonance (the two-to-one frequency ratio). A com-
parison of Figs. 6 and 9 reveals that the internal resonance
can lead to a transfer of energy from roll to pitch and hence
to a reduction in the roll amplitude. A comparison of
Figs. 7 and 10 as well as Figs. 8 and 11 reveals that the
internal resonance broadens the band of frequencies for
which large roll amplitudes develop and that without the
internal resonance there .is no .saturation phenomenon.
That is, without internal resonance, there are no situations
in which large amounts of energy can be fed into the roll
made when the excitation frequency is near the pitch fre-
quency. The values of f; and f» are below the critical value
and hence there are no unstable situations of the type dis-
cussed in parts C, D and E above.

In Fig. 12, f1 is above the critical value indicated in Eq.
(47) so that for a band of frequency around Q@ = 1 there is
unstable motion. In order to see the character of the in-
stability better, we have plotted numerical results in Fig.
13 and indicated the point at which the perturbation
analysis predicts instability. Figure 13 corresponds to part
C. The motion is actually bounded, as the numerical inte-
gration indicates. )

When the values of fo are large enough to cause unsta-
ble motion near @ = 2.2, the response near @ = 0.5 is so
large that the asymptotic results no longer accurately pre-
dict the response.

Conclusions

1) With internal resonance, a superharmonic response
will develop for all amplitudes of the excitation, but a
subharmonic response will develop only if the amplitude
of the excitation is above a certain value and below anoth-
er. Jump phenomena exist for both cases. When the whole
frequency spectrum is considered, one sees that there is a
saturation phenomenon associated with the response in
which large amounts of energy can be fed into the roll
mode when the excitation frequency is near the pitch fre-
quency. (This is discussed in detail in Ref. 1.)

2) Without internal resonance, there is neither jump nor
saturation phenomena associated with the response. There
are bands of frequency away from the roll and pitch
frequencies in which large roll, and sometimes pitch, am-
plitudes will develop when the excitation amplitude is
above a critical value.
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3) There are more frequencies at which large roll ampli-
tudes can exist for the case with internal resonance than
for the case without it. These frequencies are uniquely de-
termined by the coefficients of the undamped, unforced
linear oscillation problem. Hence, specific numerical
values for the linear damping, forcing and nonlinear terms
in the equations of motion are not needed to ascertain the
resonant situations that can lead to undesirable motions
of ships. This is an outstanding feature of this analysis.
This suggests that, when the full six-degree-of-freedom
problem is considered, a designer can determine all the
undesirable encounter frequencies for a given ship with no
more information than what is required to solve the linear
problem.

4) Generally, the accuracy of the asymptotic expansions
in this paper and in Ref. 1 is well established by the nu-
merical integration. This illustrates that the method of
multiple scales is a powerful tool that can be used to ana-
lyze other problems of this nature.

5) Combination responses (sums of two harmonics) are
possible in both pitch and roll for ships with or without
the internal resonance. This can be observed from records
of the pitching and rolling motions of actual ships at sea.?
The records presented in this reference also show a
transfer-of-energy phenomenon similar to that which ex-
ists between pitch and roll near perfect tuning for the
superharmonic resonance presented in this paper.

6) The results of this paper and those presented in Ref.
1 indicate that the steady-state pitch and roll response
frequency of ships is not always the same as the wave en-
counter frequency. Since the coefficients in the governing
equations are frequency dependent, the coefficients in
each equation must be computed to correspond to the os-
cillation frequency of that mode.

7) The response for other commensurable values of wq,
w2, and © can be obtained using the same general proce-
dure. :
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