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Subharmonic and Superharmonic Resonances in the
Pitch and Roll Modes of Ship Motions

Dean T. Mook,* Larry R. Marshall,! and All H. NayfehJ
Virginia Polytechnic Institute and State University, Blacksburg, Va.

We considered the motion of a ship with two degrees of freedom—pitch and roll—when second-
order, static couplings are included in the equations of motion, and we obtained a nonlinear analysis of
the response of the ship to a harmonic excitation (i.e., a regular sea) using the method of multiple scales.
In the first part of the paper, we considered the pitch frequency to be twice the roll frequency and found
that a superharmonic response exists for any value of the amplitude of the excitation, but a subharmonic
response is possible only if the amplitude of the excitation is above a critical value. In the second part of
the paper, we considered ships without the two-to-one frequency ratio. We found that there are five reso-
nant situations and, depending on the value of the parameters, three can involve large motions. Some of
the present results were combined with some results from a previous paper to determine the variation of
the amplitude of the response with the encounter frequency. Also, the accuracy of some of the present re-
sults was established by comparing them with a numerical solution.

Introduction

IN an earlier paper1 the authors considered the response of
a ship which is free to roll and pitch only. Second-order
static couplings between the two modes were included,
and the frequency of small, free oscillations in pitch was
taken to be twice the frequency of small, free oscillations
in roll. The pitch and the roll response was determined for
the two cases in which the excitation (encounter) frequen-
cy is either near the pitch frequency or near the roll fre-
quency. There are other situations of special interest
which result in either a superharmonic or a subharmonic
response. In the first part of this paper, we determine the
response in these two situations.

In the second part, we determine the response when
there is no two-to-one frequency ratio. In this case, there
are situations of special interest which contain superhar-
monic and subharmonic as well as combination responses.

The present results are then combined with those of the
previous paper to give a complete picture of the various
possible responses. When the complete picture is studied,
the significance of the two-to-one frequency ratio can be
seen clearly.

As in the first paper, we compare some of the results ob-
tained by the asymptotic analysis with results obtained
numerically.

Pitch and Roll Motions for Ships with the Pitch
Frequency Twice the Roll Frequency.

Letting 6 and 0 denote the pitch and roll orientations,
respectively, we write the equations of motion for a ship
restrained to pitch and roll in a regular sea as follows:

IyJ§ = M + Mw cos (tot + TJ) (la)
and

7XX0 = K + Kw cos(tot + T2) (Ib)
where Ixx and Iyy are the moments of inertia of the ship,
M and K are the pitch and roll moments due to the ship's
oscillations in calm water, Mw and Kw are the amplitudes
of the pitch and roll wave excitation moments, 12 is the
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wave encounter frequency, and TI and r2 are phase angles.
Also, we write

2M0002

and
K = (Id)

where p and q are the roll and pitch rates. The coeffi-
cients appearing in Eqs. (lc) and (Id) as well as the pitch
and roll wave excitation moments are frequency and speed
dependent. Substituting for M and K in Eqs. (la) and
(Ib) yields

g + (jo^e = &!02 - (L^ + FI cos (tot + TJ) (le)

and

co2
20 = &20# - /220 + F2 r2) (If)

where

and

It was shown in the first paper1 that /?i and k2 must
have the same sign so that constant-amplitude, periodic
oscillations cannot exist when there is damping and no
wave excitation. Thus, it is convenient to eliminate &i
and k2 from Eqs. (le) and (If) by letting

6 = k29 and 0 =

Letting

= (kik2)1/2F2

(2)

(3)

and dropping the bars on 6 and 0, we can rewrite Eqs.
(le) and (If) as follows

cos (tot (4a)
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and

(4b)

Substituting for 0i and </>i from Eqs. (12), in Eqs. (11)
yields

To determine approximate solutions for 6 and 0 valid
for small but finite amplitudes, we use the method of
multiple scales.2 Accordingly, different time scales are in-
troduced by letting

= 0,1,... (5)

where e is a measure of the response amplitudes. The time
derivatives are transformed according to

and
d/dt =

d*/dt2 = £

(6a)

(6b)

where Dn = d/8Tn. Moreover, 0 and 0 are assumed to
have expansions of the form

and
(7a)

(7b)

0 2 . .

+ P2
2

2A2P2

exp(znT0) + A2
2 e

+ 2A2P2

and

expfz(o)2T0 -

co2)T2 0

cc (14a)

co2)T0]

- co2)T0

(14b)

The nearness of 2o>2 to o>i is expressed by introducing
the detuning parameter <7i so that

(8)

Also, the linear damping coefficients and the amplitudes
of the excitation components are considered to be of the
order of the response amplitudes; that is

(9)

Substituting Eqs. (5-9) into Eqs. (4) and equating coef-
ficients of equal powers of e, we obtain

Order e

TJ)] + cc (10a)

T2)] + CC (lOb)

Order e2

where cc stands for the complex conjugate.
The solution of the first-order problem can be expressed

as

+ cc (I2a)

+ cc (I2b)
where

exp(zco2T0) + P2

where the prime indicates differentiation with respect to
TL

The right-hand sides of Eqs. (14) contain terms propor-
tional to exp(io;nTo). The corresponding particular solu-
tions contain secular terms of the form T0 exp(ico^T0)
which make 02/#i and 02/</>i unbounded as T0 -* °° and
thereby make the expansions given in Eqs. (7) invalid as t
—*• oo. To obtain uniformly valid expansions, we need to
eliminate all the terms on the right-hand sides which pro-
duce secular terms in the particular solutions.

Inspection of the right-hand sides of Eqs. (14) indicates
that secular terms result from the nonlinear coupling
terms when fi is near coi/4 (superharmonic resonance)
and when 12 is near 3o>i/2 (subharmonic resonance). These
are the only two possibilities because it is required that 12
not be near u>i or co2- (These latter cases were considered
in the first paper.)

A. Superharmonic Resonance

second detuning parameter o-2 such that

(15)

Elimination of the terms on the right-hand sides of Eqs.
(14) which produce secular terms in the expansions gives
the following solvability conditions

A2
2

1) = 0 (16a)
and

iu2(2A2' + ^2^2)

/1/2 2J|T2\t(Ul£-

(13) = 0 (16b)
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'a^/A)172, sinyj =
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siny2 = (co

and

cosy2 = -(

where

J. HYDRONAUTICS

!A, cosyj = -16a2WjA

(21b)

(21c)

A- 64a2
2)]'1/2

cosy1Ja2 (21d)

(21e)

Letting «i = eai and a2 = ea2, we can write the first-
order, steady-state, uniformly valid solutions for 0 and $

Fig. 1 Steady state superharmonic pitch and roll responses as follows
for one cycle of the wave encounter frequency.

We let
1An= -an exp(i(3n,

with an and /3n real, and define

n = 2ft - ft +
and

- ft + T! + r2

(17)

(18)

(19)

Substituting Eqs. (17-19) into Eqs. (16) and then separat-
ing the real and imaginary parts, we have

a\ = -~ 2 -i
(20a)

2 cosyi

2co2(co1
2 -ft2)(co2

2 -f t2) (2 Ob)

siny2 (20c)

and
=(2a2-f)«2 4co9

cosy t

For the steady-state response (ai/ =
Eqs. (20) can be manipulated to yield

= 71' = 72' = 0),

J |

2
2-ft2)-l}2

 = 0

and
- 2y2 - ri +

ft2)'1 COS (ft/ + T2)

+ a2 cos [2ft/ -y2

T Z ) ] + 0(e2) (22a)

T2] + 0(e2) (22b)

Equations (22) show that the effect of the superharmon-
ic resonance is an entrainment of the otherwise-vanishing,

cr, = 0.0 0.04
= pi 2 =0.005 ———STABLE

——— UNSTABLE

Fig. 2a The superharmonic amplitude ai as a function of the
detuning v2 for various values of the detuning £1.

Fig. 2b The superharmonic amplitude dp as a function of the
detuning £2 for various values of the detuning <TI.
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homogeneous solution by the particular solution. The two
combine to give pitch and roll responses that are sums of
the two harmonics involved.

B. Subharmonic Resonance

The second detuning given by Eq. (15) is now redefined
so that the nearness of 12 to 3o;i/2 is expressed as

ft - <E(J2 (23a)

cosyj
M

and

2co1(ct)2
2 - f t 2 ) / 2

- —
/ 2
U

_ _

/ O A > I N(26d)

/ x(26e)

(26f;

Instead of Eq. (19), 72 is now defined as

(23b)

Continuing to use the quantities defined in Eqs. (17) and
(18) and following the same procedure detailed previously,
we obtain

= ~ f ai + (24a)

; ~ 2ir2r2 cosri

/22o)2/ (w7-n2)ft (24b)

and

+ «2 cosyi

For the steady-state response, two possibilities exist

1) 0J = a2 = 0 (25)

2>^=4l^W-

A-c

8

(co2
2 -f t2)! 4(co2

2 -ft2)2

) J

64

1/2

4 + 12/2 V
+

8 / 3a
" ~ ~ ~

(26b)

/o^? \(26c)

Letting ai = eai and a2 = ea2, we can write the first-
order uniformly valid solutions for 6 and (/> as follows

=/i(co1
2 - ft2)'1 cos (ft/ + TJ)

y2

and

=/2((j02
2 -ft2)"1 COS (ft/ + T2)

cos

0(€2) (27a)

(27b)

Eqs. (26a) and (26b) indicate that, depending on the
values ofAthe parameters involved, the roll excitation am-
plitude /2 will have to increase above a certain critical
value before the homogeneous solution is entrained by the
particular solution. This is found to be the case in the nu-
merical example presented later.

C. Numerical Example

To illustrate the results for a specific ship or model, a
consistent set of coefficients for Eqs. (le) and (If) is re-
quired. Because the authors did not possess this informa-
tion, values for the coefficients were chosen arbitrarily
and the responses calculated. Nevertheless, the results are
useful in that the basic character of the solution is illus-
trated. Also, to verify the validity of the perturbation ex-
pansions developed herein, we integrated Eqs. (le) and
(If) numerically using Hamming's Predictor-Corrector
Method.

The pitch and roll responses for both the superharmo-
nic- and subharmonic-resonant cases are sums of two har-
monics [see Eqs. (22) and (27)]. A typical example of the
steady-state superharmonic pitch and roll responses for
one cycle of the wave encounter frequency is presented in
Fig. 1.

In Figs. 2a and 2b, ai and a2 for the superharmonic case
are plotted as functions of o-2 for various values of a\ with
A = /2 = 0.01 and Ai = M2 = 0.005. An interesting feature
is the so-called "jump" phenomenon. Figure 3 presents ai
as a function of a2 for various values of the damping coef-
ficients, £1 and A2, with /i = /2 = 0.01 and (TI = 0.0 for
the superharmonic case. The extreme sensitivity of ai (the
situation is analogous for a2) to the amount of damping
should be noted.

In the subharmonic case, Fig. 4 depicts a'i and a2 as
functions of/2 forA6-2 = 0.05. For the values of the parame-
ters considered, /2 must increase beyond a critical value
before the homogeneous solution adds Ato the response.
Note that all solutions are unstable if /2 is greater than
approximately 0.26. Figure 5 illustrates the severe sensi-
tivity of a2 (the situation is analogous for ai) to the
amount of damping.
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CT2

Fig. 3 The superharmonic amplitude di as a function of the
detuning a2 for various values of the damping coefficient.

Figures 6-8 present the maximum double amplitude of
the pitch and the roll responses as functions of the wave
encounter frequency for various values of /i and /2 with Ai
= 0.1, M2 = 0.01, coi = 1.0, and o>2

 = 0.5. The responses
when 12 is near coi or co2 were computed according to the
solutions given in the previous paper.1

In Fig. 6, the roll excitation amplitude /2 is larger than
the pitch excitation amplitude /i; /i = 0.001 and /2 =
0.01. This could possibly correspond to a beam-seas situa-
tion. The pitch and roll responses are largest when 12 is
•near co2. For this situation, the effect of the two-to-one fre-
quency ratio (coi « 2co2) is to transfer energy from the roll
mode to the gitch mode.

In Fig. 7, /i = /2 = 0.01 and this might be illustrative of
a quartering seas situation. Large responses for both pitch
and roll are predicted when 12 is near coi and co2. Notice
that the superharmonic resonance (i.e., when 12 = 0.25)
produces responses that are approximately fifty % greater
than the linear responses. The effect of the two-to-one fre-
quency ratio here is to transfer energy from the roll mode to
the pitch mode when 12 « co2 and to transfer energy from the
pitch mode to the roll mode when 12 « o>i.

In Fig. 8, A is larger than /2 (f\ = 0.02 and /2 = 0.001)
and this could model a head or following seas situation.
The pitch response is largest when 12 « coi, which is ex-
pected. However, the roll response is also the largest when
12 = coi, which is contrary to what is expected from linear
theory. This is a consequence of the "saturation" phenom-
enon noted in Ref. 1.

0 O.I 0:2 0.3

ROLL EXCITATION AMPLITUDE, ?2

Fig. 4 The subharmonic amplitudes, di and 02, as functions
of the roll excitation amplitude for £2 = 0.05.

Fig. 5 The subharmonic amplitude d2 as a function of the de-
tuning <T2 for two values of the damping coefficients.

For the forcing amplitudes considered in Figs. 6-8, the
superharmonic resonance adds only slightly to the linear
response while the subharmonic resonance is not mani-
fested at all. This is because the roll excitation ampli-
tudes chosen are below the critical value required to pro-
duce subharmonic responses. Had the value of /2 been
above the critical value, the response near the roll natural
frequency (co2) would have become extremely large but the
subharmonic response still relatively small. It is noted,
however, that the subharmonic resonance can produce
large amplitude motions when /2 is greater than its criti-
cal value. In fact, for /2 sufficiently large, the motions be-
come unstable as shown in Fig. 4.

The significance of the two-to-one frequency ratio can
be illustrated by comparing these responses with those for
a ship without the frequency ratio. The responses for such
a ship are obtained in the next section and then, with the
aid of a numerical example, a comparison is made.

The stability of the steady-state solutions were deter-
mined as in Ref. 1

Pitch and Roll Motions for Ships with the Pitch
Frequency not near Twice the Roll Frequency

With coi not near 2co2 and 12 near either coi or co2, there is
no coupling between the pitch and roll modes to first-
order and the responses are given by the linear solutions.
To ascertain the resonant situations that can occur when
coi is not near 2o>2 and 12 is not near either coi or w2, we

I § O/

J , \

I to.

WAVE ENCOUNTER FREQUENCY, fl

T,.o.c

WAVE ENCOUNTER FREQUENCY, fl

Fig. 6 Maximum pitch and roll double amplitudes as func-
tions of the wave encounter frequency with /i = 0.001 and /2 =
0.01 for ships with the two-to-one frequency ratio.
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rewrite Eqs. (14) as

RESONANCES IN THE PITCH AND ROLL MODES OF SHIP MOTIONS 37

and

W l
20 2 = -i^(2Ai

r + MA) exp(zcoT0)

-zMiftPi exp(eftT0) + A2
2 exp(z2u>2T0)

P2
2 exp(z2ftT0) + 2A2P2 exp[z(ft + u2)T0]

2P2 exp[z(ft - co2)T0] + A2A2 + P2P2 + cc (28a)

exp(zco2T0)

-iH2ttP2 exp(zftT0) +

4- AA exp[f(w! -co2)T0]

+ A2Pi exp[z(ft - CD2)T0]

exp[z(ft + co2

^P2 exp[z(ft - u>i)

cc (28b)

There are five possibilities when we restrict o?i to be
greater than 0^2: ^ ~ wi/2, 12 «s o>2/2, 12 «s 2a?2, 12 ~ a;i +
a>2, and 12 « o?i - o>2. These cases are treated separately
below.

A. The Case of 12 Near wi/2

Let the nearness of 12 to coi/2 be expressed as

ft = (1/2)0)! + ea (29)

where a is the detuning. The solvability conditions are

and

exp

' +

2r2)] - 0 (30a)

= 0 (3 Ob)

Eqs. (30) can be solved separately since they are uncou-
pled. The solution of Eq. (30b) can be written as

WAVE ENCOUNTER FREQUENCY, fl

I!
£, = 0.0
U,"I.O

•̂0.5
———— STABLE 1 PERTURBATIOI
———— UNSTABLE) SOLUTION

O NUMERICAL INTEGRATION

WAVE ENCOUNTER FREQUENCY, a

Fig. 8 Maximum pitch and roll double amplitudes as func-
tions of the wave encounter frequency with / = 0.02 and /2 =
0.001 for ships with the two-to-one frequency ratio.

ditions. As TI —*• <», A2 is damped out and the steady-
state solution for the roll mode is

0 =/2(u2
2 -ft2)"1 cos(ft/ + r2) + 0(e2). (32)

To analyze Eq. (30a), we let

At = a expt'2(aTt + r2)] (33)

where a is complex and obtain

—i2(jo^a' + 4o>1cra —iu^^a + P2
2 = 0 (34)

Putting a = ar + iat with real ar and at into Eq. (34) and
separating the real and imaginary parts, we obtain

2ar' = 0 (35a)
and

r - f / 2
2 (4a) 1 )" 1 (cu 2

2 - f t 2 )" 2
= ,0 (35b)

The homogeneous solution of Eqs. (35) is given by

(ar)h= bi exp(mTt) + cc and (a{)h = b2 expfynT^ + cc

(36a)

where 61 and 62 are related arbitrary constants and

1A2 = #Q exp(— -«• M2^i) ®xp(^ft)) + cc (31) _ _

where a0 and 00 are constants determined from initial con- The particular solution of Eqs. (35) is

UJ - - - "-

r ^ 0.4

and

WAVE ENCOUNTER FREQUENCY, fl

Fig. 7 Maximum ptich and roll double amplitudes as func-
tions of the wave encounter frequency with /i = /2 = 0.01 for
ships with the two-to-one frequency ratio.

(36b)

- ft2)"2 (37a)

^2 -ft2)"2 (37b)

Since the real part of m is negative, the homogeneous so-
lution of Eqs. (35) is damped out as 7\ ->'oo an(i the
steady-state response is given by the particular solution.
The steady-state solution for the pitch mode can now be
written as

1
2 -ft2)"1 cos (ft/ + TJ)

2r2 + 6) + 0(e2) (38a)
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I § O/

£ 5
§1 Q*

WAVE ENCOUNTER FREQUENCY, ft WAVE ENCOUNTER FREQUENCY, ft

H S °6 -

, 0 | | t,- 0.001 0.8

; ?2=o.oi
° fc.0o!oi -i=! 0.6

:;.« i|
———— PERTURBATION SOLUTION 5 $ 04

y/ \ 2 0 0.2

?2= 0.001

A2 = O.OI

u., = 0.5

1 ———— PERTURBATION SOLUTION

- ,1 ."
WAVE ENCOUNTER FREQUENCY, ft

Fig. 9 Maximum pitch and roll double amplitudes as func-
tions of the wave encounter frequency with fi = 0.001 and h -
0.01 for ships not possessing the two-to-one frequency ratio.

where

6 = tan'1 4a (38b)

B. The Case of fi Near o;2/2

The nearness of & to o>2/2 is expressed as

ft — —C02 + €0"
£t

(39)

Following the same procedure outlined in the previous
case, we find that the steady-state pitch and roll re-
sponses are:

and

!2 -ft2)"1 cos(ft/ + T4) + 0(e2) (40a)

-1 cos (ft/ + r2)

+ 16a2)"172 cos(2ft/ + T! + r2 + 6) + 0(e2) (40b)

(40c)

where

C. The Case of fi Near 2co2

The nearness of 12 to 2o?2 is expressed as

ft = 2u>2 + eo- (41)

and hence the solvability condition from the roll equation,

11 0.2

WAVE ENCOUNTER FREQUENCY, ft

WAVE ENCOUNTER FREQUENCY, ft

Fig. 10 Maximum pitch and roll double amplitudes as func-
tions of the wave encounter frequency with A = /2 = 0.01 for
ships not possessing the two-to-one frequency ratio.

WAVE ENCOUNTER FREQUENCY, fl

Fig. 11 Maximum pitch and roll double amplitudes as func-
tions of the wave encounter frequency with /i = 0.02 and fi -
0.001 for ships not possessing the two-to-ojie frequency ratio.

Eq. (28b), becomes

-ft2)-1exp[z(aT1

We let

-|A2 = a exp|j(-

where a is complex and obtain

-2ia' + aa -i +

= 0 (42)

(43)

- ft2)]"1 = 0 (44)

Putting a = ar + iat with real ar and at into Eq. (46) and
separating the real and imaginary parts, we obtain

2ar
f

and

1
2 - f t 2)] i = 0 (45a)

i2 ~ ^2)1"1 - 0 (45b)

The solution of Eqs. (45) can be written as

ar — bi exp(mTt) + cc and a{ — b2 exp(mTi) + cc (46a)

where 61 and 62 are related arbitrary constants and

1 /2/ / ~\-t ̂ (46b)
Equation (46b) indicates that the real part of one

value of m is always negative and hence the steady-state
rolling motions resulting from the first term of Eq. (13b)
are damped out. The second value of m is positive if

> -ft2 1 (a2 \ l / 2 (47)

If m is positive, unstable motions result in the sense that
the amplitude of roll is no longer small and the present
analysis becomes invalid while attempting to predict
these amplitudes.

For stable motions, i.e., the real parts of both values ol
m are negative, the steady-state pitch and roll responses
can be written as

- ft,2\-l

and
T t) + 0(<E2) (48a)

r2) + 0(e2) (48b;
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WAVE ENCOUNTER FREQUENCY,
?; • o.os
?2 • 0.001

NUMERICAL INTEGRAT

WAVE ENCOUNTER FREQUENCY, Q.

Fig. 12 Maximum pitch and roll double amplitudes as func-
tions of the wave encounter freguency with f\ = 0.05 and fa =
0.001 for ships not possessing the two-to-one frequency ratio.

D. The Case of 12 near (o>i

The nearness of 12 to (coi + co2) is expressed as

>•> + ea (49)

The solvability conditions are

a!
i
Oa:
i<

f2 - 0.001

/A 2«O.OI
£ -0.0

u>2*0.5
Jl- 1.0

A PITCHl NUMERICAL
O ROLL] INTEGRATION

—POINT OF INSTABILITY
(i.e.,m CHANGES SIGN)
PREDICTED ANALYTICALLY

0 0.01 0.02 0.03 0.04 0.05

PITCH EXCITATION AMPLITUDE,?,

Fig. 13 Maximum pitch and roll amplitudes as functions of
the pitch excitation amplitude.

r2)](ct)2
2 -^2)-1- 0 (50a)

and

T2)] = 0 (50b)
We let

(51)

where ai and a2 are complex and obtain

and

-2ia2' "1 = ° (52b)

Putting ai = air + ia\i and a2 = a2r + i^2i with real air,
aii, a2r, and a2j, and separating the real and imaginary
parts, we have

2alr'

2aii
t

2a2r
f

and

The solution of Eqs. (53) is of the form

air = bi expCmTj) + cc and a l f = 6

cc and a2i - 6

= 0 (53a)
1 = 0 (53b)

"1 = 0 (53c)

]-1 = ° (53d)

+ cc

(54a)

+ cc

(54b)

where 61, 62, 63, and 64 are related arbitrary constants
and m is given by

m= —

+ a2 -
1/2

(55)

All the real parts of the four values of m determined from
Eq. (55) must be negative for the motions to be stable and
hence for the first terms of Eqs. (12) to be damped out. If
not, the motions are unstable and can become large. For
stable motions, the steady-state pitch and roll responses
are given by Eqs. (48).

E. The Case of 12 near (o>i - o>2)

The nearness of 12 to (o>i - co2) is expressed as

n = c o 1 - w 2 + €0- (56)

Following the same procedure as in Case D leads to the
following relation for determining the stability of the mo-
tion

f <
1/2

(57)

When o- = 0, the real part of m is always negative and
hence the motions are stable. As a or f2 become large, the
real part of m is also negative. For stable motions, the
steady-state pitch and roll response is given by Eqs. (48).

F. Numerical Example

We chose ui = 1.7, o>2 = 0.5, and the values of and
M2 to agree withA those in the previous numerical example.
The values of / and / in Figs. 9-11 agree with those in
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Figs. 6-8, respectively. Hence, comparisons of the corre-
sponding pairs of figures illustrate the effects of the inter-
nal resonance (the two-to-one frequency ratio). A com-
parison of Figs. 6 and 9 reveals that the internal resonance
can lead to a transfer of energy from roll to pitch and hence
to a reduction in the roll amplitude. A comparison of
Figs. 7 and 10 as well as Figs. 8 and 11 reveals that the
internal resonance broadens the band of frequencies for
which large roll amplitudes develop and that without the
internal resonance there is no saturation phenomenon.
That is, without internal resonance, there are no situations
in which large amounts of energy can be fed into the roll
made when the excitation frequency is near the pitch fre-
quency. The values of A and /2 are below the critical value
and hence there are no unstable situations of the type dis-
cussed in parts C, D and E above.

In Fig. 12, /i is above the critical value indicated in Eq.
(47) so that for a band of frequency around 12 = 1 there is
unstable motion. In order to see the character of the in-
stability better, we have plotted numerical results in Fig.
13 and indicated the point at which the perturbation
analysis predicts instability. Figure 13 corresponds to part
C. The motion is actually bounded, as the numerical inte-
gration indicates.

When the values of /2 are large enough to cause unsta-
ble motion near 12 = 2.2, the response near 12 = 0.5 is so
large that the asymptotic results no longer accurately pre-
dict the response.

Conclusions

1) With internal resonance, a superharmonic response
will develop for all amplitudes of the excitation, but a
subharmonic response will develop only if the amplitude
of the excitation is above a certain value and below anoth-
er. Jump phenomena exist for both cases. When the whole
frequency spectrum is considered, one sees that there is a
saturation phenomenon associated with the response in
which large amounts of energy can be fed into the roll
mode when the excitation frequency is near the pitch fre-
quency. (This is discussed in detail in Ref. 1.)

2) Without internal resonance, there is neither jump nor
saturation phenomena associated with the response. There
are bands of frequency away from the roll and pitch
frequencies in which large roll, and sometimes pitch, am-
plitudes will develop when the excitation amplitude is
above a critical value.

3) There are more frequencies at which large roll ampli-
tudes can exist for the case with internal resonance than
for the case without it. These frequencies are uniquely de-
termined by the coefficients of the undamped, unforced
linear oscillation problem. Hence, specific numerical
values for the linear damping, forcing and nonlinear terms
in the equations of motion are not needed to ascertain the
resonant situations that can lead to undesirable motions
of ships. This is an outstanding feature of this analysis.
This suggests that, when the full six-degree-of-freedom
problem is considered, a designer can determine all the
undesirable encounter frequencies for a given ship with no
more information than what is required to solve the linear
problem.

4) Generally, the accuracy of the asymptotic expansions
in this paper and in Ref. 1 is well established by the nu-
merical integration. This illustrates that the method of
multiple scales is a powerful tool that can be used to ana-
lyze other problems of this nature.

5) Combination responses (sums of two harmonics) are
possible in both pitch and roll for ships with or without
the internal resonance. This can be observed from records
of the pitching and rolling motions of actual ships at sea.3
The records presented in this reference also show a
transfer-of-energy phenomenon similar to that which ex-
ists between pitch and roll near perfect tuning for the
superharmonic resonance presented in this paper.

6) The results of this paper and those presented in Ref.
1 indicate that the steady-state pitch and roll response
frequency of ships is not always the same as the wave en-
counter frequency. Since the coefficients in the governing
equations are frequency dependent, the coefficients in
each equation must be computed to correspond to the os-
cillation frequency of that mode.

7) The response for other commensurable values of o>i,
0)2, and 12 can be obtained using the same general proce-
dure.
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